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INTRODUCTION 
Let X be a real Banach space and T a continuous 1-set-contractive map of 
A’ into X. The first and the main purpose of this paper is to study various 
conditions on T which insure the surjectivity (i.c., the onto property) of the 
map I - T, where I is the identity on X. In particular, our aim is to establish 
for I - T the anologue of the author’s Theorem 5 obtained in [18] for the 
case when T is P-compact, as well as the analog of the Zusatz obtained in [8] 
for the case when T is compact and then use these results to obtain new 
surjectivity theorems. Our second purpose is to generalize to k-set-contrac- 
tions T : B(o, r) + X the results obtained in [ll] (see also [2]) for Lip- 
schitzian pseudo-contractive maps, where i?(o, Y) denotes the closure of the 
open ball B(o, Y) with center 0 E X and radius r > 0. We shall also use 
B(o, Y) to denote the boundary of B(o, r). 
For the benefit of the reader we outline briefly the results obtained in this 
paper and indicate their relation to the contributions by other authors. 
In Section 1, we introduce the various concepts (e.g. measure of non- 
compactness [14], K-set-contractions [14], condensing maps [5, 211) and state 
some of the known results to be used in the sequel. The discussion in this 
paper depends essentially on the author’s fixed point theorem [20; Theorem 
7’1 stated here as Proposition 3 and on Proposition 4 which contains the basic 
properties of the topological degree of translations of l-set-contractions 
extracted from Nussbaum’s [15] fixed point index theory for “admissible” 
mappings. 
In Section 2, it is first shown in Theorem 1 (an analog of Theorem 5 in 
[18] for p = 1) that if T : X - X is 1-set-contractive with (I - T) (B(o, r)) 
closed for each Y > 0 and if {r,} and {m,> - {m(r,,)> are two sequences of 
positive numbers such that 
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(i) I/ T(x) - 17~ /I 3 mD for all x in B(o, Y,) and 7 > 1, 
then I - T is surjective provided m2, + co asp+ co asp+ 0~). Theorem 1 
is then used to obtain a number of special surjectivity results including those 
of Granas [9] and Vignoli [22] for q uasibounded compact and condensing 
maps, respectively. In particular, it is shown (see Theorems 2 and 4 below) 
that if J : X - 2x* is a normalized duality map and T : X + X is K-set- 
contractive for some K > 0, then I + AT is surjective for each X E E = 
{A E [0, 11 j Ah < I} if 
(ii) (T(x), J(x)) >, (T(O), 169) for x in X 
and I + AT is surjective for all A 2 0 if T is accretive, i.e., 
(iii) (T(x) - T(y), J(x - y)) > 0 for x, y in X. 
As a special case of Theorem 4 we deduce Browder’s Theorem 4 in [2] for 
Lipschitzian strongly accretive maps. 
In Section 3, we generalize the results of Kirk [ll] to certain continuous 
maps T : B(o, Y) + X which include k-set-contractions and which need be 
neither Lipschitzian nor satisfy the boundary condition T(B(o, r)) C B(o, Y). 
In Section 4, we first generalize the result of Granas [8] for compact maps 
to l-set-contractions T of X to X by showing in Theorem 8 below that if 
there exists a constant c > 0 such that 
(vi) ll(I - T) (4 - (I - T) (y)ll 3 c II x - y II for x, y in X, 
then I - T is surjective and, in fact, bijective. Theorem 8 is then used to 
obtain new results for bounded linear 1-set-contractive and condensing 
mappings. In particular, it is shown (see Theorem 10 below) that if T : X---f X 
is a bounded linear condensing map, then T is Fredholm of index zero. Since 
every K-set-contraction with K < 1 is condensing, the result of [ 161 is deduced 
from Theorem 10. Similar results are also obtained for ball-condensing maps. 
1. In this section, we introduce the various concepts with which we 
deal in this paper and state some of the known results to be used in the sequel. 
Let X be a real Banach space and D a bounded subset of X. Following 
Kuratowski [14] we define y(D), the measure of noncompactness of D, to be 
inf{d > 0 1 D can be covered by a finite number of sets of diameter < d}. 
In what follows, we use the following known properties of y(D). 
PROPOSITION 1. For arbitrary bounded sets D, Q, Di C X, we have 
(a) y(D) = 0 o n is compact, where a is the closure of D. 
(b) r(D) = Y(D); YW = I X I Y(D); D C 8 z- Y(D) G r(Q)- 
(c) If Di = Di , D,+l C Di , and limi r(D$) = 0, then D, = fiiSl Di # o 
and r(Dm) = 0. 
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(4 y(I) u Q) .-= max(r(D), y(Q)); y(D + Q) < y(D) c Y(Q), where 
D $ Q -~ [.I- + y j x E D, y E Q}. 
(e) y(D) -1: y(cO(D)), h w ere Co(D) is the convex closure of D. 
(f) y(?v’,(Z))) <: y(D) t 2~, where N<(D) == {x E S d(x, D) i c{. 
The assertions (a)-(c) were established in [14], while (d) and (c) were 
obtained in [4]. For complete proofs of Proposition I, as well as of Proposi- 
tion 2 below see [15]. 
C’losely associated with the notion of the measure of noncompactness is 
the concept of “k-set-contractions” defined in [14] as follows. If k :;- 0 is a 
given real number, G a subset of X, and T a continuous mapping of G into S, 
then T is said to be k-set-contractive if, for any bounded subset I) of G, 
y(T(D)) S* ky(D). For k-set-contractions, the following proposition holds 
whose assertions (a) to (d) f 11 o ow from the definition of k-set-contractions 
and whose assertion (e) has been first established in [ 151. 
PROPOSITION 2. (a) Zf Ti : G -+ X is k,-set-contractive, i m: 1, 2, cznd 
TX : T,(G) - ..X is k,-set-contractive, then ( Tl -i- TJ : G -+ X is (k, I-~ k,)- 
set-contrartive, and T,T, : G ---f X is k,k,-set-contractive. 
(h) 7’: G- X is compact -j T is O-set-contractive. 
(c) Zf T : G --f X isL-Lipschitzian (i.e., /I T(x) ~- T(y);1 F: 1. ~ x -~ y i ,for 
.x, y E G), then T is k-set-contractive with k -m= L.
(d) If C : G - S is compact and S : G -+ S is L-Lips&&an, tken 
T S C is k-set-contractive with k = L. 
(c) Jf T : D ---f X is of semicontractive type with constant k -C I, then T is 
Ii-set-contractive. 
\7Te recall [I, 31 that T : D ---f X is of semicontractive type with constant 
k K;-- 1 if there exists a continuous mapping I7 : D x I) --+ .Y such that 
T(x) 17(x, ,x) for x in D, 
and the map s + V( ., x) is compact from D to the space of maps from D to S 
with uniform metric. 
In what follows, we shall say [5, 211 that T : G - X is condensing if, for 
every bounded subset D of G such that y(D) > 0, y(T(D)) < y(D). Clearly, 
every k-set-contraction with k < 1 is a condensing map but, as was shown in 
[15], the converse is not true. However, every condensing map is l-set- 
contraction. For the discussion of condensing mappings and their perturba- 
tions see for example, [6, 15, 3, 201. 
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In the sequel, we shall make a considerable use of the theorem proved in 
[20], which is a generalization of the fixed point theorems in [4,21,6, 151 to 
l-set-contractions defined on nonconvex subsets and satisfying milder 
boundary conditions. 
PROPOSITION 3 [20]. Let D be a bounded open subset of X and T a l-set- 
contraction of D into X such that either one of the following two conditions holds : 
(a) There exists x,, ED such that if T(x) - x0 = u(x - x0) for some 
XEB, thena< 1. 
(b) D is convex and T(B) C D, where B denotes the boundary of D. 
Then, if (I - T) (D) is a closed set in X, T has afixedpoint in D. 
Remark I. We add in passing that Proposition 3 includes also the 
Browder-Kirk-Gohde fixed point theorem for nonexpansive T : n + X 
with D also convex and X uniformly continuous, as well as the fixed point 
theorems for (the perturbed) maps T of the form T = S + C with S a strict 
contraction and C compact on D or with S nonexpansive, C completely con- 
tinuous on D and X uniformly convex. 
In Section 4 we extend a result of Granas [8] by showing that if T : X -+ X 
is I-set-contractive and satisfies the inequalities (vi), then I - T is surjective. 
For this the following discussion is necessary, although Proposition 4 below 
could be deduced from the more complex fixed point index theory for 
“admissible” maps developed in [ 151. 
Let D be a bounded open subset of X, T a l-set-contraction of B into X, 
and f a point in X such that 
MI- T)(x)-flj36>0 forxED. 
If W : D + X is any k-set-contraction with k < 1 such that 
II T(x) - W(4ll < 6 for x E D, (1.3) 
then (I- W)(x) #f f or x E D so that, by the results of [15] for k-set- 
contractions with k < 1, deg(I - W, D,f) is well defined and one uses this 
degree for displacements of k-set-contractions with k < 1 to define the degree 
of the mappings I - T on D over f by the relation 
deg(I - T, D, f) = deg(I - W, D,f ). 
To justify the above definition, note first that a k-set-contraction W : D--f X 
with k < 1 for which (1.3) holds always exists. Indeed, since T is l-set- 
contractive, II T(x)11 < M for x E D and some M > 0, and therefore for any 
k E (1 - 6M-1, 1) the map W = kT is k-set-contractive with k < 1 and 
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with W satisfying (1.3). Second, deg(Z - T, D,f) given by (1.4) is independ- 
ent of W, i.e., if W, : D -+ X is another k,-set-contraction with k, < 1 for 
which (1.3) holds, then deg(Z - T, D,f) = deg(Z - IV1 , D,f). Indeed, if 
IV1 satisfies the above conditions, then the continuous map H,(x) of &[O, 11 
to X given by 
H&T) = tW(x) + (1 - t) W,(x) (x E D, t E [O, I]) 
is clearly k,-set-contractive for each t E [0, l] with k, = max{k, R,f, and 
continuous in t E [0, 11, uniformly for x in D; furthermore, x - H,(x) +=f 
for x E D and t E [0, l] since for x E a and t E [0, l] we have 
I! x - H,(x) -fll = 11 x - T(x) -f- t(T(x) - W(x)) 
- (1 - t) (T(x) - J~d4)l, 
> I/ x - T(x) -f/i - t j\ T(x) - Wit 
- (1 - t) Ij T(x) - W&+ 
> 6 - t6 - (1 - t) 6 = 0. 
Hence, by the homotopy theorem in [15] for k-set-contractions with k < 1 
we have that 
deg(Z - 4, Qf) = %(I - HI, W), 
i.e., 
deg(Z - WI, D,f) = deg(Z - W, D,f) 
and so deg(Z - T, D,f) is well defined. 
Using the properties of the topological degree for the translations of 
k-set-contractions with k < 1 obtained in [15, Chap. II], we now establish 
the validity of the following basic properties of the degree, deg(Z - T, D,f) 
given by (1.4), of the closed map(Z - T) : D+ X with T a l-set-contraction 
without the recourse to the index theory for “admissible” maps developed in 
[15, Chap. III] for the deduction of these properties. 
PROPOSITION 4. If D is a bounded open subset of a Banach space X and 1’ 
is a l-set-contraction of D into X such that (I - T) is a closed mapping of i!3 
into X and (I - T) (x) # 0 f OY x E a, then deg(I - T. D, 0) is well defined 
and possesses the following properties : 
(a) If deg(Z - T, D, 0) # 0, then T has a jixed point in D. 
(b) If S = {XE D / (I - T)(x) = O}C D, u D,, where D, and D, are 
disjoint open subsets of D, then 
deg(Z - T, D, 0) = deg(Z - T, D, , 0) i- deg(Z - T, D2 (0). 
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(c) If F,(x) : Dx[O, I] --f X is a continuous mapping such that 
II x - F&)ll 2 6 > 0 f or all x ED and t E [0, 11, and @(Ax[O, I])) < r(A) 
for any A C B, then deg(I - F, , D, 0) is constant in t E [0, 11. 
(d) If B is an open ball about the origin in X and T : B + X is a l-set- 
contraction such that (I - T) is a closed map of B into X, (I - T) (x) # 0 for x 
in B and T is odd on & (i.e., T(- x) = - T(x) for x E B), then 
deg(l - T, B, 0) # 0. 
Remark 2. In order for deg(I - T, D, 0) to be well defined for a l-set- 
contractive T : D--t X, it suffices to assume that (1.2) holds on a (with 
f = 0) but, in order for this degree to have the usual properties we must 
impose the stronger condition on T. 
Proof. For the sake of completeness, we indicate a direct and simple 
proof of Proposition 4 although, as has been noted above, it can also be 
deduced (but not trivially) f rom the fixed point index theory for “admissible” 
mappings developed in [15; Chap. III]. Our arguments utilize the properties 
of the degree of the translations of k-set-contractions with k < 1 [15]. 
(a) Let W,=k,Tb e a k,-set-contraction of D into X with k, < 1 for 
each n and k, ---f 1 as n - co. Then d,, = sup[II W,(x) - T(x)jj / x ED] -+ 0 
as n -+ CO and hence there exists an N 3 I such that d, < S for n 3 N. Thus, 
deg(I - W, , D, 0) = deg(I - T, D, 0) # 0 for n 3 N. 
Hence, by the results in [15, Chap. II], W, has a fixed point x, in D for each 
n > N and therefore /I x, - T(xJ < d, - 0 as n -+ 00. Since (I - T)b 
is a closed map, there exists x0 E D such that T(x,) = x0. Since 
deg(I - T, D, 0) is defined, x,, lies in D. 
(b) Set Si = S n Dj and note that Si is closed for i = 1,2. Let Ui be an 
open neighborhood of Si such that ui C Di for i = 1,2. If 
6 = inf(il x - T(x)11 1 x E D - U, u U,], 
then 6 > 0 and if we let W be a k-set-contraction of D into X with k < 1 
such that // T(x) - W(x)/1 < 6 for x in D, then, by (1.4), 
Since 
deg(l - T, D, 0) = deg(l - W, D, 0). 
Sw={x~DI W(x)=x]CU,u U,CD,uD,}, 
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the results in [15, Chap. II] imply that 
deg(1 ~-- W, D, 0) = deg(l - IV, D, , 0) - deg(1 - II’, llz, 0) 
from which (b) follows for, as is easy to see, 
deg(l - IV, Di , 0) = deg(l - T, Di , 0) for i =:~ 1, 2. 
(c) Suppose F, : &[O, I] ---f X satisfies the conditions of Proposition 
4(c). Since I/ F,(x)11 < M for (x, t) E &[O, l] and some M > 0, it follows that 
if we take ?z such that 1 > k > 1 - (6/2&f) and define the mapping 
H,(x) : &[O, 1] ---f X by H,(x) = W,(x), then for all x in B and t in [0, l] we 
have /I H,(x) -- F,(x)\1 < (1 - K) M < (S/2) and for x ED and t E [0, I] 
we have !I x - H,(x)11 > 11 x - F,(x)11 - 11 F,(x) --.- H,(x)J’ 2 (S/2) > 0; fur- 
thermore, y(H(Rx[O, 11)) = R~(F(Ax[O, I])) < Ky(A) for every subset A of n. 
Hence, by the results in [15, Chap. II], deg(l -~ H, , I), 0) is constant in 
t E [0, 1] and so is deg(1 - F, , D, 0) since 
deg(1 -F, , D, 0) = deg(1 - N, , D, 0) for t E [0, I]. 
(d) Let ~11 > 0 and 6 > 0 be constants such that !I T(r)l, < M for x E R 
and I](1 - T) (x)11 > 6 for x in B. Now, if we take k such that 
1 > k > 1 - (6/2M) and define W(x) = kT(x) for x E B, then W is an odd 
k-set-contractive map of %? into X with K < 1 for which (I -- W) (x) A 0 
for x E &. Hence by (1.4) and the results in [15, Chap. II], 
deg(l - T, B, 0) = deg(1 --- II’, B, 0) # 0. 
Q.E.D. 
2. This section is devoted to the applicability of Proposition 3 to 
the solvability of various classes of nonlinear equations. Our first result is 
the following surjectivity theorem for l-set-contractions which is analogous 
to Theorem 5 in [18] for T P-compact. 
THEOREM 1. Suppose T : X + X is a l-set-contraction such that 
(I - T) (B(o, r)) is closed for every r > 0. Suppose further that there exist two 
sequences of positive real numbers {r,} and {m,} == {m(r,)} such that mp --+ K) 
as p - cx) and 
/1 T(x) - rlx II 2 m, whenever 7j > 1 and x E B(0, r,). (2.1) 
Then the map (I - T) is surjective, i.e., (I - T) (X) = X. 
Proof. Let f be any fixed element in X and select an integer p 3 1 and an 
r, > 0 such that /If /I < m2, = m(r,). If, for x E B(o, Ye), we define the 
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mapping Tf by T,(x) = T(x) +f, then clearly Tf is a l-set-contraction of 
B(o, r,) into X such that (I- Ty) (B(0, Ye)) is closed in X and Tf satisfies 
(a) of Proposition 3 for x0 = 0 and D = B(0, Y,). Indeed, suppose T,(x) = ax 
for some x in &O, Y,) and suppose, contrary to our assertion that 01 > 1. 
Then, by (2.1) for 7 = a:, we have 
0 = II T,(x) - m II 3 II T(x) - a II - llfll Z m, - Il.0 > 0, 
a contradiction. Hence, by Proposition 3, there exists an x in B(0, r,) such 
that T,(x) = x, i.e., (I - T) (x) = f. Since f was chosen to be an arbitrary 
element in X, we conclude that (I - T) (X) = X. Q.E.D. 
COROLLARY 1. If T : X + X is a condensing mapping (and, in particular, 
a k-set-contractive with k < 1) such that condition (2.1) of Theorem I holds with 
mp -+ 00 as Y,, -+ co, then I - T is surjective. 
Proof. Since every condensing mapping is 1-set-contractive, to prove 
Corollary 1, it suffices to show that (I - T) (B(0, Y)) is a closed set in X for 
each Y > 0. Let {xi} be a sequence in B(o, Y) such that fi = xi - T(xi) + f 
in X as j ---f CO. Therefore, since y({ fi>) = 0 by Proposition 1, 
and T is condensing, we must conclude that y({xJ) = 0. Thus, by Proposi- 
tion 1, {x,} contains a convergent subsequence (xi,} which converges to some x 
in B(O, Y). This and the continuity of T imply that 
xik - T(x,,) + x - T(x) = f, 
i.e., (I- T) (&O, Y)) is closed. 
We add that Vignoli and Nussbaum were first to have shown that I - T 
is a closed map on closed bounded sets for T condensing. 
To obtain Theorem 1 in [22] as a special case of Corollary 2 below, we 
first recall [9] that a continuous mapping T : XL+ X is quasibounded if there 
exist two constants M > 0 and r. > 0 such that 
II WIl < M II x II for all x in X with jl x 11 2 Y, . 
If T is quasibounded, then the number 1 T j defined by 
(2.2) 
(2.3) 
is called the quasinorm of T. It follows that every bounded linear operator 
T is quasibounded and its norm /I T 11 coincides with its quasinorm I T I . 
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Furthermore, asymptotically differentiable nonlinear mappings T are quasi- 
bounded since in that case (see [13]) there exists a bounded linear mapping T’ 
if X to X such that 
from which it follows that T is quasibounded with / T/ < , I” ,I . 
Our next corollary of Theorem 1 is the following generalization of the 
results of Granas [8] for quasibounded compact maps and of Vignoli [22] 
for quasibounded condensing maps. 
COROLLARY 2. Suppose T : X 4 X is a quasibounded l-set-contraction 
suck that (I - T) (B(0, r)) is closedfor each r > 0 and 1 T / < 1. Then (I - T) 
is surjective. 
Proof. In view of Theorem 1, it suffices to prove the existence of sequen- 
ces {r,} and {m,] such that m, ---f cc as r9 --f x), and for which condition 
(2.1) holds. Let rB > 5, be a sequence of real numbers with rs ---f CD, as 
p ---f 03, where &(> rO) is a number such that 11 T(x)11 < =J(l + 1 T 1) jj x ,/ 
for i/ x 11 2 &, . Now, if imp} is the sequence given by m2, = 2 (1 - 1 T 1) rr, 
for each p, then m, -+ co as p-j co and for x E L?(O, rD) and 7 >> 1 we have 
the relation (2.1) since for x E B(O, rD) and rl 3 1 
Consequently, Corollary 2 follows from Theorem 1, 
We add in passing that, in case T is P-compact, Corollary 2 has been proved 
by the author in [19]. 
In what follows, we use (w, x) to denote the value of the functional w in X* 
at the element x in X. We recall that a multivalued map J : X--t X* is 
called a normalized duality mapping if 
J(x) = {w E X* / (w, x) = i/ x I/’ and 11 us ;i = // x !I for x in Xl. 
As another consequence of Theorem 1, we have the following surjectivity 
theorem for k-set-contractions (cf. Theorem 3 in [19] for X a Hilbert space 
and T P-compact). 
THEORERZ 2. If T : X -+ X is a k-set-contractive for some k > 0 and 
(T(x), J(4) > (T(O), J(x)) for x in X, (2.4) 
then for each X c E = {A E [0, l] j hk < l} the map (I f XT) is surjective. 
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We shall deduce Theorem 2 from the following more general result which 
also follows from Theorem 1. 
THEOREM 3. Let T be a continuous mapping of X into X such that (2.4) 
of Theorem 2 holds. Suppose there exists a nonempty set 
Q = (A E (0, I] 1 F(h) = - AT is condensing}. 
Then (I + AT) is surjective for each X E Q u (0). 
Proof. Let h be any number in Q such that F = F(h) is condensing. Then, 
as shown above, (I -F) (B(0, r)) is a closed set for each r > 0. Now, for 
each integer p 3 1, set r9 = p + (( T(O)[l and m2, = rl, - j/ T(O)j( = p. Then 
clearly rs + 00 and m2, -+ 00 as p -+ co. Thus, in view of the above remarks, 
to prove Theorem 3 it suffices to show that F = F(h) satisfies condition (2.1) 
of Theorem 1 for any h E Q. To do this, consider the mapping W of X into X 
defined by W(x) = F(x) - TX for any 7 > 1. It follows from (2.4) and the 
fact that 7 > 1 that for all x in X and all A in Q we have the inequality 
In virtue of Schwartz inequality and the fact that jl x 11 = jJ Jx 11 , the latter 
inequality implies that /I W(0) - W(x)11 3 11 x 11 for all x in X, 77 3 1, and 
X EQ. Thus, for x E B(o, r,), 7 3 1, and h E Q we have the looked-for 
inequality 
IIF(x) - 71% II = II W(x>ll Z II W(x) - WN - II WWII 3 II x II - h II WN 
b II x II - II V)ll = m, T 
i.e., F = F(h) satisfies condition (2.1) for each h E Q with (Y,} and {m,} inde- 
pendent of A. Thus, by Theorem 1, (I+ AT) is surjective for each A E Q and, 
of course, for h E Q U (0). 
Proof of Theorem 2 from Theorem 3. Suppose T : X-X is a k-set- 
contractive mapping. Then clearly the set E # ,D and E is contained in 
Q u (0) since (I + AT) is Ak-set-contractive with Ak < 1 for X E E and hence 
condensing. Thus, Theorem 2 is a special case of Theorem 3. 
Remark 3. If instead of T, it is assumed that - T satisfies condition (2.4), 
then the assertions of Theorems 2 and 3 remain valid (i.e., I + XT is sur- 
jective for all X E E- = {A E [- 1, 0] / 1 X 1 k < I}) in case T is k-set-con- 
tractive and for all A E Q- u (0) if T is continuous, where 
Q- = {A E [- 1,O) I AT is condensing}. 
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The main corollary of Theorem 3 is the following new result for condensing 
mappings. 
C‘OROLLARY 3. Let T be a condensing mapping of X into ,\‘. 
(a) If Tsatisjies condition (2.4), then (I + AT) is surjective.for each h E [0, I]. 
(h) Zf - 1’ satis$es condition (2.4), then (I +- XT) is surjective for each 
A f [-l,O]. 
If we strengthen condition (2.4) by assuming that T is accretive, i.e., 
(T(x) - T(Y), I@ - YN 2 0 
then the assertions of Theorems 2 and 3 and of Corollary 3 can also be 
strengthened. Indeed, the following results are true. 
THEOREM 4. If T is an accretive k-set-contraction of A’ into X fey some 
k -Sx 0, then I ~+ XT is surjective for each X > 0. 
Theorem 4 can be regarded as a special case of the following strengthened 
version of Theorem 3. 
THEOREM 5. If T is a continuous accretive map of X into S such that the 
set Q of Theorem 3 is nonempty, then (I + AT) (9) = X for each X :> 0. 
Proof. Since Q # o by hypothesis and condition (2.4) follows from the 
accretiveness of T, Theorem 3 implies that (I +- AT) is surjective for each 
h E Q, i.e., for at least one h E (0, 11. Hence, by the result of Komura [12] and 
Oharu [17], (I + hT) is surjective for each h > 0. 
An immediate consequence of Theorem 4 is the following result of Browder 
(see Theorem 4 in [2]). 
COROI,LARY 4. If T : X + X is L-Lipschitxian and 
(T(x) - T(Y)> 1(x - Y) 3 c I/ 2 - Y 11’ for x, y 6 X and c > 0, (2.5) 
then T is surjective. 
Proof. Since T is L-Lipschitzian on X, the map T =- T - cl is k-set- 
contractive with k -= L -+ c and accretive, because of (2.5). Hence, by 
Theorem 4, (I + XT) 1s surjective for each h > 0. In particular, for h := l/c, 
(I + (l/c) T) = (l/c) T is surjective. This implies that T is surjective and, 
in fact, bijective. 
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3. In [ll, Theorem 11, Kirk obtained the following variant of a 
fixed point theorem of Browder [2] for pseudo-contractive mappings U, 
i.e., U : IT+ X is such that 
II x - Y II < ll(l + r) (x - y) - r(U(x) - U(y))l/ vx, Y E Q Vr >o. 
(3.1) 
We add that the class of pseudo-contractive mappings which was investigated 
by Browder [2, 31, is more general than nonexpansive mappings. 
PROPOSITION 5 [I 11. If X is a uniformly convex Banach space and U is a 
Lipschitzian pseudo-contractive map of B = B(o, r) into X such that U(B) C B, 
then U has a fixed point in B. 
Using our Proposition 3, we extend here Kirk’s results (i.e., his Theorems 1 
and 2 in [ 111) to certain continuous maps which need be neither Lipschitzian 
nor satisfy the boundary condition U(B) C B. This extension is given by the 
following theorem for a general Banach space. 
THEOREM 6. Let X be a Banach space and let W be a continuous mapping 
of B(o, Y) into X such that 
(W(x), J(x)) < (X> J(x)) for x in B (3.2) 
and the set 
Qo = {A E (0, 1) / h W is condensing} # ,D . 
Then, for each X E Q,, , 
W,(B) E (I - X W) (B(o, r)) 3 B(0, (1 - A) r) = Z& 
and, in particular, the equation x - XW(x) = 0 has a solution in B(O, r) for 
each AEQ~. 
Furthermore, if there exists h, E Q0 such that W<’ exists, (1 - A,) W,$ is 
nonexpansive on BAO , and (I - (1 - A,,) WC’) (BAO) is closed, then W has a 
jxed point in B. 
Proof. Let y be any point in the closed ball BA = B(O, (1 - A) r) for any 
givenhinQ,.Iffory~~AandA~Q,,wedefinethemap W,:B+Xby 
W,(x) = AW(x) + y, then obviously W, is condensing and such that if 
W,(x) = cux for some x in B, then 01 < 1. Indeed, assuming without loss of 
generality that 01 > 0, it follows from the equality 
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and condition (3.2) that 
45 J(x)) < (I - 4 r il I(x)!’ + X(x, J(x)) < (1 - 4 @, Jb)) + 4~ J(4) 
=-- (x, Jx). 
This implies that a < 1. Hence, by Proposition 3, there exists an x in Z? such 
that W’Jx) = X, i.e., (I - XW) (x) = y or WA(B(O, r)) 3 Bh for each h in Q,, 
and, in particular, x - hW(x) = 0 is solvable for each given h in Q0 . 
T o prove the second part of Theorem 6, suppose IV;’ exists and 
(1 - A,) IV<’ is nonexpansive on B,, for some A, E 9. Tken, because 
IV;l(B,O) C B, (I - A,) IV<’ maps BhO fnto BAO and is nonexpansive. Since, 
hy assumption, (I - (1 - A,) IJV<~)(B,~) IS a so closed, Proposition 3 implies 1 
the existence of an element x,, in BAO such that (1 -~ A,) W<r(x,,) =~ xg . The 
last equality implies as in [l I] that zu - W(z,) = 0 with 
x0 = (1 - X”)-rx,EB. 
Q.E.D. 
COROLLARY 5. Suppose that the conditions of Theorem 6 hold except for the 
boundary condition (3.2) which is replaced by either the condition 
W(B) c B (3.3) 
or the condition 
(W(x)), J(x)) < 0 fey s E B. (3.4) 
Then, in either case, the assertions of Theorem 6 hold. 
Proof. Since (3.4) obviously implies (3.2) to prove Corollary 5, it suffices 
to show that (3.3) implies (3.2). 
Suppose (3.3) holds. Then setting I/ = Z ~ W we see that for x in ZI 
we have the relation 
(V(x), J(x)) = (x, J(x)) - (W(x), J(x)) 2 (~3 J(4) - ;! W)li I’ /@)I~ 
12 (x, J(x)) - r // J(x)11 = (x, J(x)) - (x, J(x)) = 0, 
i.e., (3.2) holds on I?. 
COROLLARE' 6. Let X be a uniformly convex Banach space and W = U $- C 
a map of B(O, r) to X such that W satis$es either the condition (3.3) or the 
condition (3.2) on B, where C : i? + X is compact and U : B --f X is a k-set- 
contractive for some k > 0. Suppose there exists A, E (0, 1) with h,k < 1 such 
that I/ WA,(x) - WAO(y)j\ > (1 - Au) 11 x - y (/ for x, y in B. Then W has a 
fixed point in B. 
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Proof. If Et, = {A E (0, 1) 1 Ak < I}, then hW is AK-set-contractive for 
h E L?,, and, in particular, condensing. Hence, by Theorem 6, W,(B) 1 Bh 
for each h in E, and, in particular, for h = A, . This and our assumption on 
W,,, imply that WL~’ exists and is (1 - h&l-Lipschitzian on BA . Hence 
(1 - AO) II’<’ is a nonexpansive map of B, into BAO and thus, &ice X is 
uniformly convex and B,O is a bounded, closed, convex, subset of X, the 
result in [3] implies that (I - (1 - A,) W<‘) (BAO) is a closed set in X. Hence, 
by the second part of Theorem 6, W has a fixed point in B. 
Remark 4. Since every Lipschitzian pseudo-contractive map W = U + C 
of B into X is k-set-contractive for some k > 0 and such that 
II WA(X) - WA(Y)11 3 (1 - 4 II x - Y II 
for all h E (0, 1) with h = (1 + r)-l Y, Proposition 5 is a special case of 
Corollary 6 when C = 0 and W = U satisfies the condition U(B) C B. 
COROLLARY 7. Let X be a Banach space and m = T + C a mapping of 
B(O, r) into X such that either l@(B) C B OY 
(@Yx), J(x)) 3 - (x, l(x)) for x E & (3.5) 
where C : B ---f X is compact and T : B + X is k-set-contractiwe. Suppose there 
exists and A, E (0, 1) with kh, < 1 such that 
ll(l + 4P’) (4 - (1 + Am’) (Y>ll 2 II x -Y II for x, y E B. 
Then equation x + w(x) = C, has a solution in B. 
Proof. If we set W = - I@, then W(B) C i!? and, in view of (3.5), W 
satisfies condition (3.2) of Theorem 6. Furthermore, W is k-set-contractive 
and, in virtue of our additional condition, the map 
WA, = I - h,W = I + AJF 
satisfies the condition 
II WA&4 - WAo(Y)ll 2 II x -Y II for all x, y E B. (3.6) 
Hence E0 = {A E (0, 1) I hk < I} # ia and consequently, by Theorem 6, 
W,(B) = (I + A@ (B(0, r)) 3 B,(O, (1 - A) r) for each h E E, . Since A, E E,, , 
this and (3.6) imply that (1 - As) WiO’ is a strict contraction and, in particular, 
a (1 - Q-set-contraction of B,O into BAO with (1 - As) < 1. Hence 
(I - (1 - A,) Wi’) (BAO) is closed. Thus, by Theorem 6, W has a fixed point 
in B, i.e., x + W(x) = 0 has a solution in B. 
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Remark 5. Since every Lipschitzian acretive map HT : B - X is a k-set- 
contractive for some k > 0 and 
for s, y E X and X > 0, Theorem 2 in [I l] is a special case of Corollary 7 
when C ~: 0 and U’ = T satisfies the condition T(B) C B. 
We add that if in Theorem 6 it is assumed that W =- ~ J@ and @ is an 
accretive map of B into B, then a somewhat stronger assertion holds. 
THEOREM 7. Let X be a Banach space and W = ~- 18 with IQ an accretivr 
continuous map of B into B such that the set 0, of Theorem 6 is not empty. Then 
there exists A,, G (0, 4) such for each p E (( 1 - A,) (2 --~ 3h,))l, (1 - A,) A;‘) tke 
equation, 
x + pA,LV(x) = 0 (x E 8), 
is solaable. 
Proof. Since Q,, # 0, there exists A, E Q0 such that h,W is condensing. 
Nut then XW is also condensing for each h E (0, A,]. Let A, > 0 be any real 
number such that A, < min{h, , 4) and let a =: (1 -- A,) (2 - 3X&l and 
b --= (1 - A,) Xi-‘. Then a E (g, l), b > 1 and (I + X,,m) (B) r) B,,O , i.e., 
(I -1 A,?@-l (B,,J C B. For each p E (a, b), define I’, : BAO --+ S b! 
P,(x) = (I + A,~)-1 y”cc’ x) 
and note that z in B,,O is a fixed point of P, if and only if z satisfies the equation 
.z* 4 @su”I(x) := 0. Now, since (I + A,#‘-l is nonexpansive on B,,” , for 
x, y E BAo we have 
/ P‘,(X) -- P,(y)l’ < i p+ i II .2: - y 1: = 
!Lp --y / if p E (a, I) 
p/C1 Is --y,i if p~(l, b). 
Thus, in each case, P,, : B,, --f X is a strict contraction. Furthermore, since 
@‘(B) C B, A, < +, and p E” (a, b) we see that P,(B:J C B,,O . Indeed, if for 
x E BhO we set y = P*(x), then y E i? and (I + X,W) (y) == [(p - 1)/p] .v; 
thus 
i.e., 
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Suppose first that p E (a, 1). Then 
and 
L/L<lL-a 1 - 2h, -=- 
CL a 1 - A0 
l/Y /I < 4lr + l ; L(l -Ah,)7 <A,7 + (llI?)(l -Ah,)7 = (1 -&Jr, 
i.e. y E BAO . If, on the other hand, p E (I, b), then 
11 y j/ < h,r + p+ (1 - A,) 7 = 7 (1 - -L (1 - A,,)) 
CL 
<r l- 
i j+) (1 - u) 
= (1 - A,) r, i.e., y E BAO ,
Thus, P, is a strict contraction of B,,O into X and therefore a k-set-contraction 
with k = ](p - 1)/p 1 < 1 for p E (a, b) and with P,(BAO) C BAO . Hence, by 
Proposition 3, P, has a fixed point in BAO , i.e., the equation x + &,I$‘(x) = 0 
is solvable in B,O for each TV, E (a, b). Q.E.D. 
4. Using Proposition 4, we first generalize the result of Granas [S] 
for compact maps to l-set-contractions and, in particular, to condensing 
and k-set-contractions with k < 1 and then apply our Theorem 8 to obtain 
new results for bounded linear condensing mappings. 
THEOREM 8. If X is a Bunach space and T : X -+ X is a 1 -set-contraction 
such that for some constant c > 0 
ll(I-- T)(x)-(I- T)(y)ll3cllx-yll forxandyinx, (4.1) 
then the mapping I - T is bijective. 
Proof. Note first that (I - T) (X) is a closed set. Indeed, if 
(I - T) (x,J --f y for some y in X, then by (4.1) 
Il(r - T) (xn) - (I- T) (xm)ll 3 c II x, - xm II for all n and m, 
and, consequently, {x,} is a Cauchy sequence in X. Hence x, -+ x for some x 
in X. Since T is continuous, it follows that x, - T(x,) - x - T(x) and 
therefore x - T(x) = y, i.e., (I - T) (X) is closed. 
Thus, to prove Theorem 8, it suffices to show that (I - T) (X) is also 
open, I.e., we have to show that to each g E (I - T) (X) there corresponds an 
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open neighborhood B(g, s) such that B(g, s) C (I - T) (X). Let g be any 
element in (I - 7’) (X) with g = (I - T) (x,,) for some x,, E X. We will show 
that if B m+ B(x, , r) is any ball about x0 then (I - T) (B) contains an open 
neighborhood of g. Note first that, without loss of generality, we can assume 
that x0 = 0 and (I - T) (0) = 0, i.e., T(0) == 0. Indeed, if we put 
B’-B~x,,~-(s--x,jx~B}anddefineT’foryinB’by 
T’(Y) = T(x) - W,), 
’ ” then we see that 0 E B’, y(B’) = r(B), T'(0) = 0: I is a 1 -set-contraction of 
B’ into X, and for all y1 , ys in B' we have 
!I(1 - T')(y,)-- (I- T')(Y& = lj(I- T)(x,)- (I- T)(x,)li 2 CI~X~ - x;!ii 
i.e., T' satisfies the same conditions on B’ as T does on B with 0 E B' and 
T'(0) = 0. Thus, writing again x, B, and T for y, B', and 7" we can and will 
assume that x0 = 0 and T(0) = 0. 
Now, suppose we can show that deg(l - T, B(0, I), 0) # 0. Then since 
I - T is one-to-one and (I - T) (0) = 0, (I - T)(x) # 0 for x E B(O, r). 
Furthermore, in view of (4.1), (I - T) . is a closed mapping of B(O, r) into X 
and therefore there exists a 6 > 0 such that il(1 - T) (x)11 >, 8 for x E B(O, r). 
Let f be any point in X such that iif 11 < S/2 and consider the continuous 
mappingF(x, t) = F,(x) : B(O, Y) x [0, l] ---f X defined byF,(x) = T(x) + tj. 
Then for x E B(O, r) and t E [0, I], 
Furthermore, it follows from definition of F and y that y(F(Ax[O, 11) < y(A) 
for each subset A of B(O, r). Hence, by Proposition 4(c), deg(1 - F, , B(0, r), 0) 
is constant in t E [0, 11. Since 
deg(l- F,,B(O,r),O) = deg(l- T, B(O,r),O) f 0, 
it follows that deg(1 - Fl , B(0, r), 0) + 0 and therefore, since 
(I - Fl) : B(O, r) -+ X is closed, Proposition 4(a) implies the existence of an x 
in B(0, r) such that x - F,x = 0 or x - T(x) =;f, i.e., 
(I - 7’) (B(O, r)) 3 B (0, $1 . 
Thus, to complete the proof of Theorem 8, we must show that 
deg(l- T,B(O,r),O) # 0. 
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To accomplish this, consider the continuous homotopy 
F,(x) : B(0, r) x [O, l] + X 
given by 
F,(x) = T ((1 - +) x) - T (- $ x) , x E B(O, r), t E [0, 11. 
First note that F,,(x) = T(x) on B(O, r), F,(x) = T(+ x) - T(- 4 x) is odd 
on B(O, r), and I/ x - F,(x)/1 >, cr for x E &‘(O, r) and t E [0, 1] since 
Furthermore, if A is any subset of B(O, r), then the same arguments as those 
used in the proof in [15] show that y(F(Ax[O, 11)) < y(A). 
Hence F, satisfies the condition of Proposition 4(c) and therefore 
deg(I - Ft , W, I>, 0) is constant in t E [0, 11. This and Property 4(d) 
imply that 
deg(1 -F,, , B(0, r), 0) = deg(l - T, B(0, r), 0) 
= deg(l - Fl , B(0, r), 0) # 0 
since F 1 : B(O, r) --f X is an odd I-set-contractive mapping such that I - Fl 
is a closed mapping of B into X and (I - FJ (x) # 0 for x E @O, Y). 
Q.E.D. 
As a special case of Theorem 8, we have the following corollary which we 
shall use in the sequel and which includes the result of Granas [8] for com- 
pact T. 
COROLLARY 8. If T is a condensing mapping (and, in particular, a k-set- 
contractive with k < 1) of X into X such that (4.1) of Theorem 8 holds, then 
I - T is surjective or rather bijective. 
Remark 6. Theorem 8 has been initially formulated for a condensing 
map T : X + X for which (4.1) holds, but a subsequent discussion with 
R. D. Nussbaum revealed its validity in a more general form stated here. In 
fact, Theorem 8 is true if one replaces (4.1) by a weaker assumption 
IIV - T) (4 - (I - T) (r>ll 3 14 x -Y II) for all x, y in X, (4.1’) 
where y(r) is a function of R+ = {r 3 0} into R+ such that y(r) > 0 for r > 0 
and ri + 0 whenever y(r?) -+ 0 as j --+ CO. 
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Remark 7. The arguments used to show that (I - T) (A) is open under 
condition (4.1) or (4.1’) can also be used to prove that (I - T) (D) is open for 
any open subset D of X, i.e., the invariance of domain theorem holds for 
I - T satisfying (4.1) or (4.1’) with T a l-set-contraction. ?Jussbaum called 
the author’s attention to the fact that the latter result can also be obtained bq 
using his observation stated in [15] at the end of the section on invariance of 
domain. 
In what follows, we use B(X, Y) to denote the space of all bounded linear 
mappings of X into Y. 
In case T : X--f X is a bounded linear mapping (i.e. T E B(X, X)), we 
deduce from Theorem 8 the following new corollary. 
COROLLARY 9. If T is a bounded linear mapping of X into X which is 
1 -set-contractive, then the equation 
x - T(x) = y (4.2) 
has a unique solution for each y in X if and only if condition (4.1) is satis$ed. 
Proof. Since T : X --f X is linear, condition (4.1) reduces to the condition 
!I(1 - T) @iI 2 c II x II for x E X, c ) 0. (4.1 a) 
Suppose that Eq. (4.2) has a unique solution x for each y in X. Then, by 
Banach Inverse Mapping Theorem, there exists a bounded linear inverse 
(I - T)-l : X--f X such that x = (I - T)pl (I - T) (x) for each x in S. 
Hence ~/ x /I < I((1 - T)-’ I/ li(1 - T) (x)11 for each x in X. Putting 
c = il(I - T)pl 11-r we obtain the inequality (4.la). 
If the condition (4.la) holds, then by Theorem 8, Eq. (4.2) has a unique 
solution for each y in X. 
Corollaries 8 and 9 imply the validity of the following new theorem for 
linear condensing mappings T which includes the known classical theorem 
for the case when T is compact. 
THEOREM 9. Let T be a linear condensing (and, in particular, k-set-contrac- 
tive, k < 1) mapping of X into X. If the equation 
x - T(x) = y (4.3) 
has a unique solution for each y in X, then the homogeneous equation 
x = T(x) (4.4) 
has no solution other than x = 0 and, conversely, if Eq. (4.4) has x = 0 for its 
only solution, then Eq. (4.3) has a unique solution for each y in X. 
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Proof. The first part of Theorem 9 follows from Corollaries 8 and 9. 
For the proof of the second part suppose that x = 0 is the only solution of 
Eq. (4.4). Then the mapping 1- T is one-to-one and therefore there exists 
a constant c > 0 such that /I x - T(x)11 3 c /j x 11 for all x in X or 
IIy - T(y)11 2 c for all jly I/ = 1. Indeed, if this were not the case, then we 
could find a sequence {yn [ ljyn I/ = 1, n = 1,2, 3,...} with y({y,}) > 0 such 
that g, = yn - T(yJ - 0 as n- co. In view of this, the condensing prop- 
erty of T, and the fact that {ya} C {g,} + {T(y,)} and y({g,}) = 0 we obtain 
the contradictory relation r({yn}) < r({yJ). Hence, the condition (4.1) of 
Theorem 8 holds and therefore, by Corollary 8, Eq. (4.3) has a unique 
solution for each y in X. Q.E.D. 
Using the stability theory of semi-Fredholm mappings (see Kato [lo]), we 
now show that Theorem 9 admits a generalization in the form of Fredholm 
Alternative. 
We recall that if A is bounded linear mapping of X into Y, R(A) the range 
of A, a(A) = dim(N(A) of the null space N(A) of A, and 
-- 
P(A) = codim(R(A) = dim(Y/(R(A)))), 
then the index of A is defined by i(A) = a(A) - p(A) if at least one of ar(A) 
and /3(A) is finite; A is said to be Fredholm if R(A) is closed and both al(A) 
and /3(A) are finite; A is said to be semi-FredhoZm if R(A) is closed and at least 
one of a(A) and /3(A) is finite. Hence the index i(A) is well defined for a semi- 
Fredholm operator A E B(X, Y). The main result from [lo] to be used in 
this section is that the property of being Fredholm or semi-Fredholm is stable 
under small perturbations. 
Since R(A) of A E B(X, Y) is closed if and only if &A*) of A* E B(Y*, X*) 
is closed, it is known (see [lo]) that in this case /3(A) = “(A*) = dim(N(A*)) 
and, therefore, the Fredholm Alternative for the pair of equations 
A(x) = Y (x E X, Y E Y), A*(y*) = x* (y* E Y”, x* E X”) (4.5) 
is equivalent to the assertion that A be Fredholm of index zero. Thus the 
looked for generalization of Theorem 9 is the following result. 
THEOREM 10. If T E B(X, X) is condensing, then I - T is Fredholm of 
index zero. 
Proof. We first show that if T E B(X, X) is condensing then T is semi- 
Fredholm. 
First we claim that (~(1 - T) is finite. Indeed, if this were not the case then 
because the sphere S = (x E N(I - T) [ I] x II = l} in an infinite-dimensional 
space N(I - T) is not compact there would exist a sequence {x~} C S such 
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that 11 x, - x,, 11 > + for n # m, i.e., ~({x~}) > 0. Hence, since T(x,J := ,v,, 
for each k and T is condensing, ~({x~}) = y({T(x,)j) < ~({s~}). This contra 
diction implies that S is compact and so Y(Z - T) is finite. 
Next we show that R(Z - T) is closed. In view of Theorem 6.5 in [23, 
Chap. VI] to do this it suffices to show that Z - T maps bounded closed sets 
into closed sets. Sow, let D be any bounded closed set in X and let (Y,) be a 
sequence in D such that yn = x, - T(x,) - y for some y in X. Then, since 
(.w,} C [yJ f {T(x,)}, y((yn}) = 0, and T is condensing, it follows that 
Y({x~>) -= 0. Hence, there exists a subsequence (J,,: and an x in D such that 
xn ---f .Y and I - T(x, ) - x - T(x) as j -i J_ and. consequently, 
.x L T(x) = y, i.ir, (Z - T\ (D) is closed. 
Now, the above arguments show that Z - T is semi-Fredholm. Since hl’ 
is condensing for each X E [0, I], the preceding assertions imply that 
T, _ Z --- XT is semi-Fredholm for each X and therefore, by the stability 
results for semi-Fredholm mappings [LO], the index i(T,) is continuous in A. 
Since it is an integer (including possible &a) it must be constant for 
0 < h < 1, showing that i(Z - T) = i(T,) := i(T,,) 2 i(Z) :== 0, i.e., Z ~~ ? 
is Fredholm of index zero. Q.E.D. 
An immediate corollary of Theorem 10 is the following result of 
Nussbaum [ 161. 
COROLLARY 10. Zf T E B(X, X) is k-set-contractive with k < 1, then 
Z - T is Fredholm of index zero. 
-4dded in proof. The same arguments as those used in the proof of 
Theorem 10 show that it is valid for a more general class of demicompact 
l-set-contractions, where T : X - X is said to be demicompact if for each 
bounded sequence {x~} in X such that .r,, - T(x,) --, f for some f in X, 
there exists a convergent subsequence. 
THEOREM 10’. Zf T E L(X, X) is demicompact and l-set-contraction, then 
Z - T is Fredholm of index zero. Similarly, I f T is Fredholm of index zero if 
- T is demicompact and l-set-contraction. 
We conclude this section with a short discussion of nonlinear and linear 
ball-condensing mappings T : X+ X. At the same time we extend to hall- 
condensing mappings certain results obtained in [15, 161 for ball-k-set- 
contractions with k < 1. 
We start with the following slight modification of the notion of the measure 
of noncompactness introduced in [7], apparently unaware of [14]. If D is a 
bounded subset of X, then we define xx(D), the ball measure of noncompact- 
ness of D in X, to be inf{r > 0 ] D can be covered by a finite number of balls 
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with centers in X and radius r}. One can show that xx has most of the prop- 
erties of y and, in particular, that Proposition 1 holds for xx . However, as 
has been noted in [6, 151, y and xx do differ in one crucial way. Namely, if 
D CQ C X and Q inherits its metric from X, then the measure of noncom- 
pactness of D as a subset of Q is the same as the measure of noncompactness 
of D as a subset of X; and this is reflected in the notation. But, in general, 
x0(D) need not be equal to xx(D). For example, if S = {x E X j 1) x 11 = I} 
in an infinite-dimensional Hilbert space X, then xs(S) = 42, while 
xx(S) = 1. In this section we shall only consider the ball measure of non- 
compactness of D with respect to X and therefore for notational simplicity 
we shall write x instead of xx . We add [15] that if B is a closed unit ball in an 
infinite dimensional Banach space X, then x(B) = 1; and if D is any bounded 
subset of X, then x(D) < r(D) and y(D) < 2x(D). 
As in the case of y, corresponding to x we have ball-k-set-contractions and 
ball-condensing mappings. If in Proposition 2 we let G = X, then all of its 
assertions remain valid for ball-k-set-contractions. In general one cannot say 
much about the precise relation between R-set-contractions and ball-k-set- 
contractions or between condensing and ball-condensing mappings. How- 
ever, in case T E B(X, Y), Nussbaum [15] (see also [16]) obtained a number 
of interesting results concerning the relation between k-set-contractions 
T E B(X, Y) and ball-k-set-contractions T E B(X, Y). Thus, for example, it 
was shown [15, 161 that T* E B(Y*, X*) is k-set-contraction if T is ball-k- 
set-contraction, and T E B(X, Y) is k-set-contraction if T* is ball-k-set- 
contraction. This result generalizes Schauder’s theorem which says that 
T E B(X, Y) is compact if and only if T* is compact. Furthermore, it was 
shown [16] that if T E B(X, X) is a ball-k-set-contraction with k < 1, then 
I - T is Fredholm of index zero. 
In what follows we show that analogous results hold for ball-condensing 
mappings T E B(X, Y). 
Since, as has been observed above, x has all the properties given by Propo- 
sition 1, the same arguments as those used in the proof of Theorems 10 and 10’ 
show also the validity of the following theorem, which includes the cor- 
responding result for ball-k-set-contractions T E B(X, X) with k < 1 
obtained in [15, 161. 
THEOREM 11. If T E B(X, X) is ba&condensing (i.e., x(T(D)) < x(D) 
for every bounded subset D of X), then I - T is Fredholm of index zero. 
Added in proof. Theorem 11 admits the same generalization as Theorem 
10, i.e. 
THEOREM 11’. If f T E L(X, X) is demicompact ball- 1 -set-contraction, 
then I =j= T is Fredholm of index zero. 
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Remark 8. The equality I = T” + (I + T + ... + T+l) (I -- T) for 
any T E B(X, X) implies that if T” is either condensing or ball-condensing 
for some p 2 1, then for any closed bounded set D of X and any compact set 
K of X the set D n (I - T)-l (K) is compact since for any 
we have 
I(,CDn(I- T)pl(K) 
P-l 
f& C TVG) + c TW,), K2 := (I - T)(K,). 
i=O 
It follows from this and our arguments preceding Remark 8 that under the 
above condition on TP, either Theorem 10 or Theorem 11 is applicable to 
I - T. The case when TP is either k-set-contraction or ball-k-set-contraction 
with k < 1 has been discussed in [16]. 
We conclude this section with the following somewhat surprising observa- 
tion. 
THEOREM 12. Let B C X and B* C Y* be closed unit balls about the origins 
in X and Y*, respectively. 
(a) If T EL(X, Y) is ball-condensing, then I’* is k-set-contractive with 
k .= x(T(B)) < 1 (and, in particular, condensing). 
(b) lf T* E L(Y*, X*) is ball-condensing, then T is k-set-contractive with 
k == x(T*(B*)) < 1 (and, in particuhzr, condensing). 
Proof. (a) Suppose T E L(X, Y) is ball-condensing. Then, since x(B) -= 1 
and x(T(B)) < x(B), k = x(T(B)) < 1. To show that T* : Y* -+ X* is 
k-set-contractive, it suffices to show that if D* is any bounded set in Y” of 
diam(D*) < d, then T*(D*) C (Jy=, U*; for some finite n with 
diam(Uj*) < kd + t 
for any E > 0 andj = I, 2,..., n. The proof of the latter is obtained in exactly 
the same manner as in [15] and therefore will be omitted. 
(b) The assertion (b) follows from (a). Indeed, if T* E B( Y*, X*) is ball- 
condensing, then, by (a), T** : X** - Y** is k-set-contractive with 
k 2 ,y(T*(B*)) < 1. Now, if Ji : X+ X** and jz : Y -+ Y** are canonical 
imbeddings, then J1 and Jz are isometric and T**J, = J,T. It follows from 
this that y(T(D)) < ky(D) for every bounded set D in X. 
Remark 9. Theorem 12(a) can also be deduced from Lemmas 1 and 2 
in [16]. 
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Added in proof: 1) After this paper had been written the author received a manu- 
script from A. Vignoli entitled “On u-contractions and surjectivity” (to appear in 
Boll. Un. Mat. Ital.) in which certain similar but less general results were also obtained. 
We add in passing that Vignoli’s main Theorem 2.1 in this paper follows from our 
Theorem 1 in [20] since his conditions (a) and (b) imply that the map F = T + 
(1 - ~)1: B(0, R) + X is k,-set-contractive with k, = k + / 1 - p 1 < 1 and 
satisfies the boundary condition (rrri) and therefore, by Theorem 1 in [20], F has 
a fixed point in B(0, R), i.e., the equation TX = + is solvable in B(0, R). Vignoli’s 
corollaries 3.1 and 5.1 are also included in the corresponding results of the writer at 
least when p = 1. 
2) Somewhat later J. R. L. Webb sent to this author his manuscript entitled 
“Remarks on K-set-contractions” (to appear) in which he obtained a number of results 
some of which are related to some of ours. In particular, by different methods he 
proves our Theorem 11. His Corollary 3 can be deduced as a special case of our 
Theorem 1. It is interesting to note that if X is a Hilbert space H then our Theorem 11 
together with Webb’s Theorem 4 imply that if T E L(H, H) is ball-condensing, then T 
is both k-set-contractive and ball-k-set-contractive with K < 1. 
3) Finally we remark that a somewhat different generalization of Proposition 5 for 
pseudo-contractive mappings has been obtained by Gatica and Kirk in a paper “Fixed 
point theorems for Lipschitzian pseudo-contractive mappings” (to appear) by the 
application of the writer’s Theorem 7 in [20]. 
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